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We study the precision of parameter estimation for dephasing model under squeezed environment. We ana-
lytically calculate the dephasing factor γ(t) and obtain the analytic quantum Fisher information (QFI) for the
amplitude parameter α and the phase parameter φ. It is shown that the QFI for the amplitude parameter α
is invariant in the whole process, while the QFI for the phase parameter φ strongly depends on the reservoir
squeezing. It is shown that the QFI can be enhanced for appropriate squeeze parameters r and θ. Finally, we
also investigate the effects of temperature on the QFI.
PACS numbers: 03.67.-a, 03.65.Yz
I. INTRODUCTION
Parameter estimation is one of the most important ingredients in various fields in both the classical and quantumworlds such as
quantummetrology [1–3], gravitational wave detection [4] and so on. Quantum Fisher information (QFI) is located at the central
position in the parameter estimation, since accompanied with the Crame´r-Rao inequality, it is closely related to the sensitivity
of the parameter [5, 6]. The essential work performed by Caves shows that quantum systems can provide more sensitivity than
the classical ones and beat the shot noise limit in principle [7]. In recent year, improving the estimation precision became a
significant issue in both experimentally and theoretically. In the realistic physical process, the quantum system unavoidably
interacts with the surrounding environments [8], so the effects of environments on the precision of parameter estimation attract
intensive interests and lots of related work is reported. The precision spectroscopy using entangled states was proposed in the
presence of the Markovian [9] or non-Markovian noise [10]. The general framework was given for the estimation of the ultimate
precision limit in noisy quantum-enhanced metrology [11]. The dynamics of QFI was studied under the critical environment
[12]. Quantum-enhanced metrology for multiple phase estimation [13] with noise [14] was also reported. In addition, in the
framework of relativity theory, the quantum metrology has also been investigated recently [15–17]. In particular, lots of work
have focused on increasing the precision of parameter estimation using different positive or negative methods [18–24]. However,
in almost all the work, the environment is always treated as vacuum or thermal reservoir. As we know, the squeezed reservoir
has been realized experimentally and widely applied in the relevant fields [25, 26].
In this paper, we investigate the effects of reservoir squeezing on the estimation precision of the amplitude parameter α
and the phase parameter φ. The model considered here is a two-level system with an initial amplitude parameter α and an
embedded phase parameter φ undergoes a squeezed reservoir subjected to a dephasing process [8] and finally the quantum
Fisher information (QFI) of the estimated parameter is detected. For this model, we analytically calculate the dephasing factor
γ(t) and the QFIs of the amplitude parameter α and the phase parameter φ, respectively. We find that the QFI of the amplitude
parameterα does not change with the presence of the dephasing process, which implies the information encoded in the amplitude
parameter α is robust against the dephasing [27, 28]. But the QFI of the phase parameter φ obviously depends on the reservoir
squeeze parameters. It is found that r (the module of the squeeze parameter) always play the negative roles in the preservation of
the QFI. However, θ (the reference phase for the squeezed filed) can retard the negative influence of the reservoir squeezing. If
the parameter θ is chosen appropriately, the QFI of the phase parameter φ even can be enhanced. Finally, we follow the similar
procedure to study the squeezed thermal reservoir and reveal the effects of temperature on the QFI.
II. QUANTUM FISHER INFORMATION
To begin with, we would like to give a brief introduction about the quantum Fisher information (QFI). For the quantum state
ρφ, the QFI of the estimated parameter φ is given by
Fφ = Tr
(
ρφL
2
φ
)
, (1)
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2where the symmetric logarithmic derivative Lφ is defined by 2∂φρφ = Lφρφ + ρφLφ. Considering the eigenvalues λi of the
quantum state ρφ and the corresponding eigenvectors |ϕi〉, the QFI can be explicitly given as [29, 30]
Fφ =
∑
i
(∂φλi)
2
λi
+
∑
i6=j
2(λi − λj)
2
λi + λj
|〈ϕi|∂φϕj〉|
2
(2)
with |∂φϕ〉 denoting the partial derivative ∂|ϕ〉/∂φ. For pure state |ϕ〉, the QFI can be given by a more simple expression
Fφ = 4(〈∂φϕ|∂φϕ〉 − |〈∂φϕ|ϕ〉|
2
).
Based on the QFI and the quantum Crame´r-Rao inequality, one can find that the precision δ of the parameter φ can be
expressed as [5, 6]
δ(φ) ≥
1√
νFφ
, (3)
where ν is the number of repeated experiments. So the larger value of the QFI implies the higher sensitivity of the estimated
parameter φ. This shows the importance of the QFI in parameter estimation.
III. THE HAMILTONIAN AND THE EVOLUTION UNDER THE SQUEEZED VACUUM RESERVOIR
We assume that the input state is a two-level superposition state |ϕα〉 = cos
α
2 |e〉 + sin
α
2 |g〉. Before going through the
dephasing process, a phase gate Uφ = |g〉 〈g|+ e
iφ |e〉 〈e| is operated on the input state |ϕα〉. So, the output state is given by
ρout = Uφ |ϕα〉 〈ϕα|U
†
φ. (4)
The output state ρout contains two parameters: α (we call it the amplitude parameter) and φ (the phase parameter). Then the
state ρout couples to the environment and undergoes a dephasing process. The environment ρbath is assumed to be the squeezed
vacuum reservoir, which is given by
ρbath =
∏
k
Sk (r, θ) |0k〉 〈0k|Sk (r, θ)
† . (5)
The unitary squeeze operator Sk (r, θ) is given by
Sk (r, θ) = exp
(
1
2
re−iθb2k −
1
2
reiθb†2k
)
, (6)
where r is the squeeze parameter and θ is the reference phase.
The total Hamiltonian for the system plus environment is given by
H = H0 +HI (7)
with
H0 =
ω0
2
σz +
∑
k
ωkb
†
kbk,
HI =
∑
k
gkσz
(
bk + b
†
k
)
, (8)
where ω0 is the transition frequency between the two levels, ωk is the frequency of the k-th reservoir mode, bk(b
†
k) is the
annihilation (creation) operator and gk is the coupling constant between the system and the environment. The initial state of the
system plus environment is a product state ρout ⊗ ρbath. After a standard calculation given in Appendix, one can obtain that the
final state after the dephasing processing is
ρs(t) =
[
cos2 α2
1
2e
−γ(t)+iφ sinα
1
2e
−γ(t)−iφ sinα sin2 α2
]
, (9)
where the dephasing factor γ(t) is given by
γ(t) =
∫
dωJ(ω)
1− cos(ωt)
ω2
[
cosh(2r)− cos(ωt− θ) sinh(2r)
]
(10)
3with J(ω) denoting the spectral density of the environment.
In order to give a concrete example of the parameter estimation scheme, we consider the structure of the environment is the
Ohmic-like spectrum with soft cutoff [8, 31]
J(ω) = η
ωs
ωs−1c
exp
(
−
ω
ωc
)
, (11)
where ωc is the high frequency cutoff, η is the dimensionless coupling constant. The parameter s is positive and determines the
property of the environment. For s < 1, the environment is the sub-Ohmic reservoir; for s = 1, the environment is the Ohmic
reservoir; and for s > 1, the environment is the super-Ohmic reservoir. For the sake of simplicity, we will assume the cutoff
frequency ωc is 1 in the rest of this paper. After some algebra, one can obtain that the dephasing factor γ(t) is given by
γ(t) =
η
4
Γ(s− 1)
{
2 cosh(2r)[2 − (1 + it)1−s − (1− it)1−s]
+e−iθ sinh(2r)
[
1− 2(1− it)1−s + (1− 2it)1−s
]
+eiθ sinh(2r)
[
1− 2(1 + it)1−s + (1 + 2it)1−s
] }
,
(12)
where Γ(·) is the Euler Gamma function.
Substituting the estimated state ρs(t) (Eq. (9)) into the formula of QFI (Eq. (2)), the analytic expression for the QFIs of the
amplitude parameter α and the phase parameter φ can be given as [27, 28]
Fα = 1, (13)
Fφ = e
−2γ(t). (14)
It is easy to find that the QFI of the amplitude parameter α does not affected by the dephasing factor γ(t) and keeps the constant
1 in the dephasing process. It implies that the information encoded in the α is immune to the environment in this parameter
estimation scheme [27, 28]. The QFI of the phase parameter φ can be influenced by the dephasing factor γ(t) and independent
of the value of the estimated parameter φ. In the following, we will investigate the effects of the reservoir squeezing on the QFI
of the phase parameter φ.
IV. THE EFFECTS OF RESERVOIR SQUEEZING ON THE QFI
In order to compare the effects of the reservoir squeezing on the precision of the parameter estimation, we will first study the
case that the reservoir is not squeezed, i.e., the vacuum reservoir. The dephasing factor γ0(t) in the vacuum reservoir can be
simplified as follows
γ0(t) =
∫
dωJ (ω)
1− cosωt
ω2
= η
[
1−
cos[(s− 1) arctan(t)]
(1 + t2)(s−1)/2
]
Γ(s− 1). (15)
For the squeezed vacuum reservoir, the dephasing factor γ(t) (Eq. (12)) involves not only the Ohmic parameter s but also
the squeeze parameters r and θ. Compared with the vacuum reservoir, one can easily find that both the squeeze parameters
r and θ take effects, the competition between the squeeze parameters r and θ determines the behavior of the QFI’s dynamics.
The dynamics of the QFI with the parameters r, θ and s are drawn in Fig. 1. In Panel (a), the parameter s is chosen as the
super-Ohmic environment s = 2 and the reference phase for the squeezed field is fixed at θ = 0. One can find that the squeeze
parameter r always plays the negative roles in the dynamics of QFI, that is, the larger reservoir squeezing the lower value of
QFI. Even though the reservoir squeezing r is harmful to preservation of the QFI, the phase parameter θ can retard the negative
effect induced by the reservoir squeezing, and even eliminate its influence, which can be concluded from Panel (b). In Panel (b),
the reservoir is also chosen as the super-Ohmic environment s = 2 and the squeeze parameter is chosen as r = 0.8. One can
find that, the QFI can be preserved larger and longer when θ is in vicinity of pi. In this sense, if the squeeze parameters r and θ
are chosen properly, the QFI even can be enhanced in the dephasing process.
In Fig. 2, we plot the difference between the QFI under the squeezed vacuum reservoir and the vacuum reservoir. For both
panels, the reservoir is super-Ohmic environment s = 2, the squeeze parameter is chosen as r = 0.1. In Panel (a), the phase
parameter for the squeezed field is chosen as θ = 2. Compared with the vacuum reservoir, the dynamics of QFI under the
squeezed vacuum reservoir can always be enhanced, especially when t is in the vicinity of 1. In Panel (b), the phase parameter
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FIG. 1: QFI under squeezed vacuum reservoir. QFI of the phase parameter φ vs. the parameters r, θ and s. The reservoir is the super-Ohmic
environment s = 2, and the coupling constant between the system and the environment is η = 0.6. In Panel (a), the phase parameter for the
squeezed field is chosen θ = 0. The squeeze parameter is r = 0.8 in Panel (b).
for the squeezed field is chosen as θ = 3. Comparing the squeezed vacuum reservoir with the vacuum reservoir, we can find that
the QFI is descended at first, but the QFI can be enhanced in the later time. This shows that the squeeze phase parameter θ plays
more significant role than the squeeze parameter r in this parameter estimation scheme. The competition between the squeeze
parameter r and the squeeze phase parameter θ determines whether the QFI is enhanced or descended in the dephasing process.
In Figs. 1 and 2, the coupling constant parameter is chosen as η = 0.6. In the Ohmic reservoir and the sub-Ohmic reservoir, one
can find the similar property that the QFI can be improved when the parameters r and θ are chosen appropriately.
V. THE EFFECTS OF THE TEMPERATURE ON THE QFI
We emphasize that the above parameter estimation scheme can also be used to investigate the effects of the temperature on
the QFI, i.e., the considered environment is a squeezed thermal reservoir
ρbath =
∏
k
Sk(r, θ)ρthSk(r, θ)
†. (16)
The squeeze operator Sk(r, θ) is given in Eq. (6) and the thermal state is ρth =
exp(−βωkb
†
k
bk)
Tr exp(−βωkb
†
k
bk)
. Here, the parameter β =
1/(kT ), k and T denotes the Boltzman constant and the temperature, respectively. If the temperature is 0, the thermal state will
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FIG. 2: The differences of QFIs for vacuum reservoir with and without reservoir squeezing. In Panel (a), the phase parameter for the squeezed
field is θ = 2. In Panel (b), the phase parameter for the squeezed field is θ = 3. In both Panels, the reservoir is under super-Ohmic environment
s = 2, the reservoir squeeze parameter is r = 0.1 and the coupling constant is η = 0.6.
become the vacuum state |0k〉〈0k|, and the environment will become the squeezed vacuum reservoir, which is given in Eq. (5).
Following the derivation in Appendix, we can obtain the dephasing factor γT (t) for the squeezed thermal reservoir can be
given by
γT(t) = (2〈n〉+ 1)γ(t), (17)
with 〈n〉 = 1/(exp(βω0) − 1), and γ(t) is the dephasing factor for the squeezed vacuum reservoir, which is given in Eq. (12).
Therefore, the dynamics of the diagonal elements of the reduced density matrix remain invariant, the off-diagonal element of the
reduced density matrix is determined by
ρ10(t) = exp[−γT(t)] = ρ01(t)
∗. (18)
In Fig. 3, we plot the dynamics of the QFI under different temperature T . One can easily find that the high temperature always
enhances the decay of the QFI. This can be explained easily. The high temperature always accelerate the dephasing, which can
be seen from Eq. (17).
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FIG. 3: QFI under the squeezed thermal reservoir. The evolution time t is chosen as t = 5. The coupling constant η = 0.6. In Panel (a), the
environment is super-Ohmic with s = 2 and θ = 0. In Panel (b), the environment is sub-Ohmic with s = 0.8 with r = 0.8.
VI. CONCLUSION AND DISCUSSIONS
In this paper, we investigated the effects of the reservoir squeezing on the precision of parameter estimation (the amplitude
parameter α and the phase parameter φ) in the dephasing process subjected to the squeezed vacuum (and thermal) reservoir. For
the amplitude parameter α, the QFI does not change in the dephasing process. However, the QFI of the phase parameter φ is
affected by the reservoir squeezing. The squeeze parameter r always plays the negative role in the dynamics for QFI of φ, while
the phase parameter for the squeezed field θ can retard/weaken this influence, even enhance the QFI when the parameter θ is
chosen appropriately. In the end, we also investigate the effects of temperature on the QFI.
The physical model in this paper maybe realized by Bose-Einstein Condensates using dephasing collisions [32]. At last, we
would like to say that the parameter estimation of multiple phase [13, 14] or initially N entangled Greenberg-Horne-Zeilinger
state for the dephasing model under squeezed reservoir are deserved our further investigation.
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Appendix: derive the dephasing factor γ(t)
In this section, we will derive the dephasing factor γ(t) (Eq. (12)) in the dephasing processing under the squeezed vacuum
reservoir. In the interaction picture, the interaction Hamiltonian can be written as
HI(t) = e
iH0tHIe
−iH0t
=
∑
k
gkσz
(
b†ke
iωkt + bke
−iωkt
)
. (A1)
According to the Magnus expression [33], the unitary time-evolution operator in the interaction picture can be given by
U(t) = T← exp
[
−i
∫ t
0
dt′HI(t
′)
]
= C(t) · V (t), (A2)
where the time-dependent complex numberC(t) is given by C(t) = exp
[∑
k g
2
k
sin(ωkt)−ωkt
iω2
k
]
, and the unitary operator V (t) is
defined as V (t) = exp
[
σz
∑
k
(
αkb
†
k − α
∗
kbk
)]
with the amplitude coefficient αk = gk
1−eiωkt
ωk
.
The initial state of the system plus the environment is assumed to be a product state ρs(0)⊗ ρbath. Due to the communication
between the system’s Hamiltonian σzωk2 and the interaction Hamiltonian
∑
k gkσz(bk+b
†
k), the evolution of the reduced density
matrix element for dephasing processing under squeezed vacuum reservoir is governed by [8]
ρij (t) = 〈i|Trbath
{
V (t)ρs(0)⊗ ρbathV
†(t)
}
|j〉 . (A3)
In the above equation, the time-dependent complex number C(t) multiplied by its complex conjugation is equal to unit, so it
can be omitted. For the diagonal elements of the reduced density matrix, it is easy to prove that the elements do not evolute, i.e.,
ρ11(t) = ρ11(0) and ρ00(t) = ρ00(0).
Then, we will characterize the dynamics of the off-diagonal elements going through the dephasing process under the squeezed
vacuum reservoir. Substituting V (t) into Eq. (A3), the evolution of the element ρ10 (t) can be given as follows
ρ10 (t) = Trbath{exp[
∑
k
2(αkb
†
k − α
∗
kbk)]ρbath}ρ10(0)
=
∏
k′
〈0k′ |S
†
k′ exp[
∑
k
2(αkb
†
k − α
∗
kbk)]Sk′ |0k′〉ρ10(0)
= exp[−
∑
k
2|βk|
2]ρ10(0), (A4)
where the complex number coefficient βk = αk cosh r + e
iθα∗k sinh r.
We can define the parameter
∑
k 2 |βk|
2
being the dephasing factor γ(t),
γ(t)
∑
k
|αk|
2 [
2 cosh(2r) +
(
α2ke
−iθ + α∗2k e
iθ
)
sinh(2r)
]
. (A5)
So the evolution of the element ρ10 (t) is governed by
ρ10(t) = exp[−γ(t)]ρ10(0) = ρ01(t)
∗. (A6)
Substituting the amplitude coefficient αk in the time-evolution operator U(t) into the dephasing factor γ(t), we can obtain the
analytic expression for the dephasing factor as
γ(t) =
∑
k
4g2k
1− cosωkt
ω2k
[cosh(2r)− cos(ωkt− θ) sinh(2r)] . (A7)
8Considering the spectrum density J(ω) of the modes for the frequencyω [8] as J(ω) = 4f(ω)|g(ω)|2, performing the continuum
limit of the reservoir modes and changing the sum on k in Eq. (A7) to the integral on the frequency ω, we can obtain the
dephasing factor γ(t) in Eq. (10).
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